In this paper, we introduce new concepts of (α, β, γ )-exceptional family of elements and (α, γ )-exceptional family of elements for the set-valued implicit complementarity problems in R n and infinite-dimensional Hilbert spaces, respectively. By utilizing these notions and the Leray-Schauder type fixed point theorem, we study the feasibility and strict feasibility of the set-valued implicit complementarity problems. Our results generalize some corresponding previously known results in the literature. MSC: 49J40; 90C31
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Complementarity theory has been intensively considered due to its various applications in operations research, economic equilibrium and engineering design. The reader is referred to [, ] and the reference therein. The implicit complementarity problem was introduced into the complementarity theory in [] as a mathematical tool in the study of some stochastic optimal control problems.
Strict feasibility plays an important role in the development of the theory and algorithms of complementarity problems. It is closely related to the solvability of the complementarity problems. For example, when f is a quasi(pseudo)monotone map, or more generally, a quasi-P * -map, then the strict feasibility is sufficient for the solvability of the CP; for more details, see [-] . An important method in studying the feasibility of the complementarity problems is based on the concept of an exceptional family of elements for a continuous function. In recent years, several authors have been dedicated to the feasibility of the (implicit) complementarity problems by using the exceptional family of elements method; for example, see [-] .
At the end of the paper [], Isac proposed three open problems and two of them can be extracted as follows.
(Q  ) Are Theorem . and Theorem . true without the assumption K * ⊆ K ?
(Q  ) Can the method presented in this paper be adapted to the study of strict feasibility?
Huang et al. [] and Yoel et al. [] considered the solvability of problems (Q  ) and (Q  ), respectively. In [] , they introduced new concepts of α-exceptional family of elements and (α, β)-exceptional family of elements for continuous functions and studied the feasibility for nonlinear complementarity problems in R n and an infinite-dimensional Hilbert space H without the assumption K * ⊆ K . In [] , based on their new concepts of (α, γ )-exceptional family of elements and (α, β, γ )-exceptional family of elements and the topological degree theory, they studied the feasibility and strict feasibility of ICP(f , g, K) in R n and an infinite-dimensional Hilbert space H, which partly answered the open problem (Q  ). Isac et al.
[] introduced a new notion of exceptional family of elements for the pair of (f , g) involved in the implicit complementarity problems. By employing the LeraySchauder alternative, they gave more general existence theorems for ICP(f , g, K) and SICP(f , g, K) when f , g are set-valued lower semicontinuous mappings with closed convex values. When f is a set-valued upper semicontinuous mapping with closed convex values, g is a one-to-one mapping, [] established some new existence theorems.
Many of the well-known existence theorems for the problem ICP(f , g, K) demand that the mappings f and g be subject to some strong restrictions. For example, Isac [, ] required that f be strongly monotone and Lipschitz continuous with respect to g.
Motivated by the works mentioned above, we introduce new concepts of (α, β, γ )-exceptional family of elements and (α, γ )-exceptional family of elements for SICP(f , g, K) under weaker restrictions on the mappings f and g. By utilizing these notions and the Leray-Schauder type fixed point theorem proposed in [], we investigate the (strict) feasibility of SICP(f , g, K) in R n and infinite-dimensional Hilbert spaces, respectively. The paper is arranged in the following way. In Section , we recall some required concepts and basic results for the later use. In Section , we introduce new concepts of (α, β, γ )-exceptional family of elements and (α, γ )-exceptional family of elements for SICP(f , g, K) and discuss the (strict) feasibility in R n . In Section , by using the new notion of (α, β, γ )-exceptional family of elements, we consider the (strict) feasibility for SICP(f , g, K) in infinite-dimensional Hilbert spaces.
Notations and fundamental results
Let X and Y be topological spaces, the collection of all nonempty compact subsets of X is denoted by c(X). For any subset A of X, the interior, closure and boundary of A are denoted by int A,Ā and ∂A, respectively. The relative boundary of U in K is denoted by ∂ K U.
Definition . The set-valued mapping F : X →  Y is said to be upper semicontinuous
Definition . An upper semicontinuous set-valued mapping F : X → c(Y ) is said to be admissible if there exist a topological space Z and continuous functions p :
() p is proper; that is, the inverse image p - (A) of any compact set A ⊂ X is compact;
is an acyclic subset of Z.
A nonempty topological space X is said to be acyclic provided that all of its reduced Cech homology groups over rational vanish. For a nonempty subset in a topological vector space, we have the following implications:
It is well known that any upper semicontinuous set-valued mapping with compact acyclic values is admissible, and the composition of two admissible mappings is also admissible; see [] . The admissible mapping is a large class of set-valued mappings, such a class contains composites of a lot of well-known set-valued mappings, which appear in nonlinear analysis and algebraic topology; for more details, see [] .
The following property of admissible maps can be found in [] .
Lemma . Let X, Y be two topological spaces, E be a topological vector space, F, G : X → c(E) be admissible, and let f : Y → R be continuous. Then the mappings
Let E be a Banach space and A ⊂ E. The Kuratowski measure of noncompactness of A is defined by
where diam(A) = sup{ x -y : x, y ∈ A}. It is known that α(A) =  if and only if A is relatively compact.
An upper semi-continuous map F : E →  E is said to be condensing if for any subset
B ⊂ E with α(B) = , we have α(F(B)) < α(B).
Let H be a Hilbert space, K ⊂ H is a closed pointed convex cone if and only if K is a closed subset of H satisfying
The dual cone of K is defined by
The following Leray-Schauder type fixed point theorem is a particular form of Corollary . in [] , which is the basis of our arguments in this paper.
Theorem . Let H be a Hilbert space, C ⊂ H be closed and convex and U be a relatively open subset of C with  ∈ U. Suppose that F : U → c(H) is a condensing admissible mapping such that
F(x) ∩ {λx : λ > } = ∅, ∀x ∈ ∂ K U.
Then F has a fixed point in U.
The projection operator onto K is denoted by P K , for every x ∈ H, P K (x) is the unique element in K satisfying
It is well known that, for each x ∈ H, the projection P K (x) of x is characterized by the following properties:
Feasibility and strict feasibility in R n
In this section, we study the feasibility and strict feasibility of SICP(f , g, K) in R n . We first introduce a new concept of (α, β, γ )-exceptional family of elements (for short, (α, β, γ )-EFE) for the pair (f , g) with respect to K . http://www.journalofinequalitiesandapplications.com/content/2013/1/284 Definition . Let K be a closed pointed convex cone in R n with K * ⊆ K and int K * = ∅.
we say that the family of elements {x r } r> ⊂ R n is an (α, β, γ )-EFE for the pair (f , g) with respect to K if the following conditions are satisfied: () x r → +∞ as r → +∞; () for any r > , there exist μ r >  and elements
Theorem . Let K be a closed pointed convex cone in R n with K * ⊆ K and int K * = ∅.
is 
Consider the equation
We have the following two cases to discuss. Case . If equation (.) has a solution in R n , denoted by x * , then there exist
By the property (P  ) of P K , we have
that is,
Case . If equation (.) does not have a solution, set ψ = I -φ, then the mapping ψ has no fixed point in R n . Thus, for any r > , let U r = {x ∈ R n : x < r}, the mapping ψ is fixed-point free with respect to the set U r . By the continuity of P K , the upper semicontinuity of f , g and ε, it is clear to see that ψ is upper semicontinuous. Since any upper semicontinuous mapping with compact values is compact in R n , thus ψ is compact.
Since I, P K , f , g and ε all are admissible, it follows from Lemma . that ψ is admissible. Applying Theorem . with the mapping ψ and the set U = U r , there exist x r ∈ ∂U r = {x ∈ H : x = r} and λ r >  such that λ r x r ∈ x r -φ(x r ).
Setting μ r = λ r -, we have μ r x r ∈ -φ(x r ).
(.)
From (.), it can be deduced that there exist f r ∈ f (x r ), g r ∈ g(x r ) and ε r ∈ ε(x r ) such that
Then the properties (P  ) and (P  ) of P K and (.) jointly yield that
Or equivalently,
Letting s r = μ r x r + (β -α)f r -γ ε r , w r = μ r x r + g r -αf r , then from (.) and (.), we obtain that w r ∈ K and s r ∈ K * . Thus, (.) implies that s r , w r = .
Since x r ∈ ∂U r = {x ∈ H : x = r}, we have x r → +∞ as r → +∞. Then {x r } r> is an (α, β, γ )-EFE for the pair (f , g) with respect to K , thus the first assertion of the theorem is proved. If γ > , then it follows from (.) that (β -γ )u
This finishes the proof of the second assertion of the theorem, which completes the proof as a whole. We now introduce a new notion of (α, γ )-exceptional family of elements (for short, (α, γ )-EFE) for the pair (f , g) with respect to K . Definition . Let K be a closed pointed convex cone in R n with int 
We have the following two cases. Case . If equation (.) has a solution in R n , denoted by x * ∈ R n , then there exist
It follows from (.) that v * ∈ K and thus v * ∈ g(x * ) ∩ K .
Case . If equation (.) does not have a solution, set ψ = I -φ, then the mapping ψ has no fixed point in R n . For any r > , let U r = {x ∈ R n : x < r}, the mapping ψ is fixed-point free with respect to the set U r . By the continuity of the projection operator P K , and the upper semicontinuity of f , g and ε, it is clear to see that ψ is upper semicontinuous. Since any upper semicontinuous mapping is compact in R n , thus ψ is compact.
Since I, P K , f , g and ε all are admissible, it follows from Lemma . that ψ is admissible. Applying Theorem . with the mapping ψ and the set U = U r , we obtain that there exist x r ∈ ∂U r = {x ∈ H : x = r} and λ r >  such that λ r x r ∈ x r -φ(x r ).
(.) From (.), we deduce that there exist f r ∈ f (x r ), g r ∈ g(x r ) and ε r ∈ ε(x r ) such that
From the properties (P  ) and (P  ) of P K and (.), we have
Or equivalently, Since x r ∈ ∂U r = {x ∈ H : x = r}, thus we have x r → +∞ as r → +∞. Then {x r } r> is an (α, γ )-EFE for the pair (f , g) with respect to K and so the first assertion of the theorem is proved.
If γ > , then it follows from (.) that u * -γ * ∈ K * and so u * ∈ K * + γ * ⊂ int K * . This finishes the proof of the second assertion of the theorem, which completes the proof.
Feasibility and strict feasibility in Hilbert spaces
In this section, we study the feasibility and strict feasibility of the problem SICP in Hilbert spaces. The following (α, β, γ )-EFE is new. 
We consider the following two cases. βf (x * ), v * ∈ βg(x * ) and * ∈ ε(x * ) such that
that is, For any r > , let U r = {x ∈ H : x < r}, then the mapping ψ is fixed-point free with respect to the set U r .
By the compactness of the mappings S, T and ε, it is clear that ψ is compact. Since I, P K , f , g and ε all are admissible, it follows from Lemma . that ψ is admissible.
